Abstract. In reversible computations one is interested in the development of mechanisms allowing to undo the eects of executed actions. The past research has been concerned mainly with reversing single actions. In this paper, we consider the problem of reversing the eect of the execution of groups of actions (steps). Using Petri nets as a system model, we introduce concepts related to this new scenario, generalising notions used in the single action case. We then present a number of properties which arise in the context of reversing of steps of executed transitions in place/transition nets. We obtain both positive and negative results, showing that dealing with steps makes reversibility more involved than in the sequential case. In particular, we demonstrate that there is a crucial dierence between reversing steps which are sets and those which are true multisets.
Introduction
Reversibility of (partial) computations has been extensively studied during the past years, looking for mechanisms that allow to (partially) undo some actions executed during a process, that for some reason we need to cancel. As a result, the execution can then continue from a consistent state as if that suppressed action had not been executed at all. In particular, these mechanisms allow for the correct implementation of transactions [7, 8] , that are partial computations which either are totally executed or they are not executed at all. This includes the modication of information in data bases, so that we never include an`incomplete' set of related updates that would produce an inconsistent state. In such a state one could infer some pieces of information that do not match, due to the fact that the modication procedure has not been satisfactorily completed. Another typical example would be the transactions between nancial institutions, for instance, when transferring money, or nowadays any e-commerce platform, where the payments received should match the distributed goods [6] .
Within the domain of Formal Methods, reversibility has been studied, for instance, in the framework of process calculi [17, 15] , event structures [18] , DNAcomputing [5] , category theory [9] , as well as within the eld of quantum computing [20] . In the latter case, reversibility plays a central role due to the inherent reversibility of the mechanisms on which quantum computing is based. On the other hand, in Petri nets reversibility is usually understood as a global property. Historically it was considered in a sense closer to its meaning in process calculi [13] , but such a local reversibility within the framework of Petri Nets has not been yet extensively studied. This is quite surprising as the formalization of transitions by means of pairs of precondition and postcondition places gives one an immediate way of dening the reversal of a transition simply by interchanging those two sets. There are, however, some more recent approaches that either focus on the structural study of Petri Nets [14] , or on their algebraic study by means of invariants [16] .
The approach presented in this paper is more operational, and extends the study of reversing (sequential) transitions initiated in [4] , where it was shown that the apparent simplicity of this approach is far from trivial, mainly due to the diculty of avoiding a situation that the added reversing transitions are red in an inconsistent way; for instance, before the transition to be reversed was red at all. [3] continued the study considering the particular case of bounded Petri nets, and distinguishing between strict reverses and eect reverses. The latter produce the eect of reversing the original transitions, but possibly with increasing or reducing the conditions checked for the reversed ring. It was shown that some transition systems which can be solved by a bounded net allow the reversal of their transitions by means of single reversing transitions, while in some other cases the reversal is only possible if we allow the splitting of reverses. This means that one can have a collection of reverses for the same transition, and each of them will be only red at some of the markings, where the reversal of the original transition must be possible.
In [3] only the sequential (interleaving) semantics of nets was considered and, in fact, several of the presented examples were just (nite) trace systems, taking advantage of the results presented in [2, 12] , where binary words representable by Petri net were characterised. The latter problem and its consequences for reversibility has been recently further investigated in [11] .
In this paper, we initiate the study of step reversing assuming the step semantics of Petri nets. We assume that the transition systems to be synthesized include the information about the multisets of enabled transitions that should be reable in parallel. The reversal of the transitions should preserve this step information so that the simultaneous ring of several reverse transitions should exactly correspond to the original steps at the system represented by a Petri net.
Using Petri nets as a system model, we introduce concepts related to this new scenario, generalising notions used in the single action case. Since our aim now is to reverse steps, the simple denition which worked in the sequential case is no longer sucient. When looking for the adequate generalization dening step reversing, we have found that two (non equivalent) denitions look`natural'. The former only allows steps which comprise either the original actions, or the reverse actions (direct reversibility). The latter allows also mixing of these two kinds of actions (mixed reversibility). It turns out that these two ways of interpreting reversibility of steps cause very big dierences. Crucially, it appears that the direct reversibility cannot be implemented for steps which are true multisets, and so in such a case one has to aim at mixed reversibility. In this way we have found a striking dierence between reversing steps which are sets and those which are true multisets (when autoconcurrency of actions in system executions is allowed). However, we still have a general positive result which shows that whenever sequential reversing is possible, once the steps of the system have been satisfactorily represented, we obtain also a sound reversal of those steps.
The paper is organised as follows. In the next section we recall a number of notions and notations used throughout the paper. We also introduce the direct and mixed step reversibility. In Section 4, we show that the direct reversibility cannot be achieved in the presence of autoconcurrency. The following section presents our positive results about lifting of sequential reversibility to step reversibility, by taking into account autoconcurrency. In Section 6, we develop results which show that in many cases the reversibility problem can be reduced to the net synthesis problem. The paper ends with some concluding remarks.
Preliminaries
Multisets. A multiset over a nite set X is a mapping α : X → N, where N is the set of non-negative integers. The set of all multisets over X is denoted by mult(X). α + β and α − β denote the multiset sum and dierence, i.e., (α + β)(x) = α(x) + β(x) and (α − β)(x) = α(x) − β(x), for every x ∈ X. Note that α − β is dened provided that β ≤ α which means that β(x) ≤ α(x), for every x ∈ X. The size of α is dened as |α| = x∈X α(x), and the support as the set supp(α) = {x ∈ X | α(x) ≥ 1}. We also denote x ∈ α if α(x) ≥ 1. For Y ⊆ X, α ∩ Y denotes multiset β (still over X) such that β(y) = α(y), for y ∈ Y , and β(x) = 0, for x ∈ X \ Y . Subsets of X can be identied with multisets which return values in {0, 1}, and its elements with singleton sets (i.e., multisets of size one). The empty (multi)set is denoted by ∅; a multiset α such that α(a) = 2, α(b) = 1, and α(X \ {a, b}) = {0}, can be denoted by (aab); and a k denotes multiset α such that α(a) = k and α(X \ {a}) = {0}.
Step transition systems. A step transition system is dened as a tuple STS = (S, T, →, s 0 ) such that S is a nonempty set of states, T is a nite set of actions, Step transition systems are intended here to capture (step) reachability graphs of Petri nets. Of course, not every step transition system can be such a graph. To reect this, we formulate rst the following properties of STS : 
Being well-formed does not still characterise step transition systems dened by pt-nets. A complete characterisation can be obtained using, e.g., theory of regions [1, 10] . However, we will not need here such a characterisation, since we are only interested in obtaining sucient conditions for the representability of step transition systems by pt-nets, starting from the existing results about the representability of ordinary (sequential) transition systems.
Let STS = (S, T, →, s 0 ) and STS = (S , T , → , s 0 ) be step transition systems. Then STS is:
• a sub-system of STS if S ⊆ S , T ⊆ T , → ⊆ → , and s 0 = s 0 . We denote this by STS STS .
• included in STS , if T ⊆ T , and there is a bijection ψ with the domain
, and ψ(s 0 ) = s 0 . We denote this by STS ¡ ψ STS or STS ¡ STS .
• isomorphic with STS if STS ¡ ψ STS and STS ¡ ψ −1 STS , for some ψ. We denote this by STS ψ STS or STS STS . We also dene three ways of removing transitions from a step transition system: 
For a step transition system S = (S, T, →, s 0 ) and T ⊆ T , the subsystem of
Place/Transion-nets. A Place/Transition net (or pt-net) [19] is a tuple N = (P, T, F, M 0 ), where P is a nite set of places, T is a disjoint nite set of transitions (or actions), F is the ow function F : ((P × T ) ∪ (T × P )) → N specifying the arc weights, and M 0 is the initial marking (where a marking a global state is a multiset over P ). Moreover, (P, T, F ) is an unmarked pt-net.
Multisets over T called again steps represent executions of groups of transitions. The eect of a step α is a multiset of places eff N (α) = post N (α) − pre N (α), where, for every p ∈ P :
The ring of such a step M leads to marking of reachable markings is the smallest set of markings such that M 0 ∈ reach N and if M ∈ reach N and M [α N M , for some α, then M ∈ reach N . The overall behaviour of N can be captured by its concurrent reachability graph dened as
A step transition system STS is solvable if there is a pt-net N such that STS CRG N . Moreover, step transition systems STS r = (S r , T, → r , s r ) (for r ∈ R) are simultaneously solvable if there are pt-nets N r = (P, T, F, M r ) (for r ∈ R) and a bijection ψ : r∈R S r → r∈R reach Nr such that STS r ψ CRG Nr , for every r ∈ R. (Note that the S r 's need not be disjoint.)
For a pt-net
Reversing steps
A reverse of an action or net transition x will be denoted by x, and for a multiset
Reversing in transition systems. We introduce three ways in which one can modify a step transition system in order to capture the eect of reversing actions.
The direct / set / mixed reverse of a step transition system STS = (S, T, → , s 0 ) satisfying SEQ & FD is respectively given by:
, where:
Therefore, → rev reverses all the (original) steps: → srev only reverses the steps that are sets; and nally → mrev introduces partial reverses, which means mixed steps, including both original and reversed actions. Figure 1 illustrates the idea of mixed reversing. Note that s ⊕ α and s ⊕ β above are well-dened states in STS due to SEQ & FD.
Proposition 2. Let STS be a wfst-system, and α, β be steps of its actions.
for all δ ≤ α and γ ≤ β.
• s 
Hence, by the denition of STS
Moreover, by s α+β − −−− → STS and Proposition 1,
In general, STS Proof. By Proposition 2(1), the result follows immediately for EL and REA. For the remaining three properties, by Proposition 2(2,3), it suces to show it for
To this end, suppose that:
Then, by SEQ & FD for STS , we have: 
Moreover, by Proposition 1, we have:
Hence, we obtain: -A pt-net N with reverses is such that, for each original transition t, there is a reverse transition t with the opposite eect, i.e., eff N (t) = −eff N (t). -A pt-net N with strict reverses is such that, for each original transition t, there is a reverse transition t with the opposite connectivity, i.e., pre N (t) = post N (t) and post N (t) = pre N (t). 
Hence both FC and BC hold for STS mrev .
As an immediate consequence, we obtain the following a characterisation. 
Multisets and mixed reversibility
Our investigation of step reversibility starts with a straightforward but pivotal result stating that, in the domain of pt-nets, direct reversibility cannot handle steps which are true multisets. Proposition 6. Let STS be a wfst-system which is not a set transition system. Then STS rev is not solvable.
Proof (See Figure 3(a) ). Let STS = (S, T, →, s 0 ) and N = (P, T ∪ T , F, M 0 ) be a pt-net such that STS Let M x = ψ(x), for x ∈ {v, w, q}. By STS rev ψ CRG N , the step (aa) is not enabled at M q . Hence, there must be p ∈ P such that
(1) On the other hand, (aa) is enabled at M v , and (aa) is enabled at M w . Hence F (p, a) . We also have:
Thus we obtain:
and so
, yielding a contradiction with (1).
(a) A result similar to Proposition 6 does not hold for STS mrev since, in this case it may contain, in particular, the mixed step (aa) that was needed in the proof of the last result (a suitable counterexample can be provided by a wfst-system which`executes' the diamond of (aa)). Hence, in the case of step (but not set) transition systems, it makes sense to investigate mixed reversibility, rather than direct reversibility, which we have proved to be impossible. Proposition 7. Let STS be a step-nite wfst-system. If STS mrev is solvable, then STS srev is also solvable.
Proof. Since STS is step-nite, there is k ≥ 1 such that |α| ≤ k, whenever
is solvable, there exists a pt-net N = (P, T ∪ T , F, M 0 ) such that STS mrev ψ CRG N . We then modify N , getting a new net N , by adding to P a set of fresh places P = {p tu | t ∈ T ∧ u ∈ T }. Each p tu is such that M 0 (p tu ) = k and has four non-zero connections: 
Then 
We now observe that (i) means that M 0 ≤ M 1 ≤ . . . . Hence, (iv) together with the niteness of P , implies that there is p ∈ P such that
. . , and from (ii) we obtain F (p, a) = 0, getting F (p, a) + F (p, a) ≤ M 0 (p), which contradicts our rst inequation. The feasibility of reversing steps in wfst-systems can in some cases be replaced by checking the solvability of the original transition system, and the solvability of its pure reversed version(s). The latter are formalised in the following way.
Let STS = (S, T, →, s 0 ) be a wfst-system and r ∈ S. Then we dene the step transition system STS r = (pred (r), T , → r , r), where:
It is easy to check that STS r is also well-formed. Moreover, since STS satises REA, s 0 ∈ pred (r) and it is reachable in STS r from every state of the latter. Theorem 1. Let R be a home cover of a wfst-system STS . Then STS mrev is solvable i STS is solvable and STS r (for all r ∈ R) are simultaneously solvable.
Proof. Note that S = r∈R S r , as R is a home cover. In the proof below, we will use the following notation, where r ∈ R :
(=⇒) Suppose that N = (P, T, F, M 0 ) is such that STS To show that the STS r 's are simultaneously solvable, let us take N r as the net N | T with the initial marking set to ψ(r), for every r ∈ R. Then STS r ψ CRG Nr . Indeed, we rst note that the initial states of STS r and CRG Nr are related by ψ. Suppose now that s is a state in STS r such that ψ(s) ∈ reach Nr . Again we have: (⇐=) Since STS is solvable, there is a pt-net N = (P , T, F , M 0 ) such that STS ψ CRG N . And, since the STS r 's are simultaneously solvable, there are pt-nets N r = (P , T , F , M r ) (for all r ∈ R) and ψ : S → r∈R reach Nr such that STS r ψ CRG Nr , for every r ∈ R. Note that ψ (s 0 ) = M 0 and ψ (r) = M r , for every r ∈ R. Clearly, we may assume that P ∩ P = ∅. Let N = (P ∪ P , T ∪ T , F, M 0 ) the pt-net, where
. Now taking N = (P , T , F , ∅), for every t ∈ T we have:
(2) Note that N is a pt-net with strict reverses (see Figure 4) . Moreover, for all t ∈ T and r ∈ R:
pre N (t) = pre Nr (t) post N (t) = post Nr (t) .
(3) Let ψ be a mapping with the domain S which, for every s ∈ S, returns ψ (s) + ψ (s). Note that ψ is well-dened since R is a home cover of STS , and that ψ(s 0 ) = M 0 .
We rst show that STS rev ψ STS , where STS is just CRG N but removing from it all the arcs labelled by the mixed steps (i.e., steps of the form α + β, for α, β = ∅) deleted. (Note that this does not produce unreachable states since CRG N satises SEQ.) Indeed, we rst note that the initial states of STS rev and STS are related by ψ. Suppose now that s ∈ S and ψ(s) ∈ reach N . Once again we see that the execution of transitions is preserved in both directions by ψ:
Moreover, s α − − → rev s. Hence, since R is a home cover, there is r ∈ R such that (2) and (3), we have:
As a result, ψ(s) α − − → ψ(s) + eff N (α). Moreover, by (2) and (3), we have:
Hence, since N is pt-net with strict reverses, ψ(s)
Hence, since P ∩ P = ∅, ψ (s) ≥ pre N (α) and ψ (s) ≥ post N (α). Moreover, we have:
Hence, by STS ψ CRG N , we obtain M ∩P ∈ ψ (S) and s α − − → rev s , where ψ (s ) = M ∩P . We need to show that ψ(s) = M , and this would follow from ψ (s ) = M ∩ P . Indeed, we have s α − − → rev s, and so there is r ∈ R such that s ∈ S r . Now, by STS r ψ CRG Nr , ψ (s )
But this means that
Then we have:
Hence, since P ∩ P = ∅, ψ (s) ≥ post N (α) and ψ (s) ≥ pre N (α). Moreover, we have:
Hence, since R is a home cover, there is r ∈ R such that s ∈ S r . Thus, by STS r ψ CRG Nr , M ∩ P ∈ ψ (S) and s 
Moreover, by FD, ψ(s ⊕ α) = ψ(s) + eff N (α) ≥ pre N (α + β) . And, nally,
ii) ψ(s)
All we need to show now is that:
which clearly is the case. The above corollary and the proof of the last theorem provide a method for constructing a pt-net implementing mixed step reversibility provided that one can synthesise pt-nets for two step transition systems using, e.g., theory of regions [1, 10] .
We have obtained a method for checking the feasibility of mixed reversability. This is indeed useful, in view of Proposition 6. Moreover, for set transition systems the result extends to direct reversibility. 6 From sequential reversibility to step reversibility Checking the feasibility of step reversibility and then constructing a suitable pt-net can be dicult. Our next result shows that in certain cases one can carry out this task more easily, if we are given a net that simultaneously solves the original transition system, overapproximates its reversed version that contains only spikes, and underapproximates its mixed reversed version. Theorem 3. Let N = (P, T ∪ T , F, M 0 ) be a pt-net, and STS = (S, T, →, s 0 ) be a wfst-system such that: 
Moreover, all transition systems in (4) and (5) (4) and SEQ of step transition systems and reachability graphs and the fact that we may assume that each t ∈ T appears in the labels of the arcs of STS , we have for any t ∈ T :
reach N = reach N | T and eff N (t) = −eff N (t) .
We rst show that it can be assumed that, for all t ∈ T :
(8) Indeed, suppose that F (p, t) < F (t, p). We then modify F to become F which is the same as F except that F (p, t) = F (t, p) and F (t, p) = F (p, t). Let N be the resulting pt-net. Clearly, eff N (x) = eff N (x), for every x ∈ T ∪ T .
After this modication which does not aect transitions in T (5) is still satised after taking N to play the role of N . However, the satisfaction of (4) is not so immediate. But the modication can only restrict the enabling of steps, and the enabling of transitions other than t is unchanged. Thus
Hence, if (4) does not hold with N playing the role of N , then there is M ∈ reach N ⊆ reach N and k ≥ 1 such that:
(9) By (4) and the rst part of (9), we have:
(10) By construction, the only reason for the second part of (9) to hold is that
yielding a contradiction with (10) .
We can apply the above modication as many times as needed, nally concluding that (8) can be assumed to hold for N as any modication does not invalidate the conditions captured by (8) that were got by the previous modications.
We next show that STS mrev is solvable, after constructing a pt-net N = ( P , T ∪ T , F , M 0 ), in the following way: • P = p∈P P p , where, for every p ∈ P ,
• The connections in N are set as follows, where p ∈ P and u ∈ T ∪ T \ {t}:
is as F unless it has been set explicitly above. In what follows, for every marking M of N , we use φ(M ) to denote the marking of N such that φ(M )(P p ) = {M (p)}, for every p ∈ P . Hence φ(M 0 ) = M 0 .
We now present a number of straightforward properties of N . We rst observe that, by (8) , for all t ∈ T , u ∈ T ∪ T , and p ∈ P ,
(11) Therefore, for every marking M of N and every κ ∈ mult(T ∪ T ) such that
The construction does not aect the enabling of steps involving just one transition as well as steps α over T since p t ∈ P p cannot disable α if it is not also disabled by p. Hence, for all markings M of N , u ∈ T ∪ T , k ≥ 1, and
Hence, by (6, 12, 13) and
We then show that, for every marking M of N and all α, β ∈ mult(T ): eff N (β) . Indeed, we rst observe that φ(M ) − eff N (α) ∈ reach N . We then observe that, by φ(M ) ≥ pre N (α + β), we have: (11) pre N (α + β) .
Hence α + β is enabled at φ(M ) − eff N (α), and (A) holds as we have:
Hence:
and so, by erasing F (q, β) from both sides of inequality (as F (q, α + β) = F (q, α) + F (q, β) and F (q, α + β) = F (q, α) + F (q, β)), F (q, α) > F (α, q). Thus there is t ∈ α and such that F (q, t) > F (t, q) and so, by the denition of N , q = p t , for some p ∈ P . Now, it follows from the construction of N , there are α 0 , α 1 , β 0 , β 1 and k ≥ 1 such that α = t k + α 0 + α 1 and β = β 0 + β 1 and t ∈ α 0 + α 1 and, for x = α, β, we have:
F (x 1 , p t ) = F (p t , x 0 ) = 0 = F (p t , x 1 ) = F (x 0 , p t ) F (p t , x 0 ) = F (x 0 , p t ) F (p t , x 1 ) = F (x 1 , p t ) .
By SEQ of reachability graphs,
Thus, by (14) , φ(M ) + eff N (α 1 + β 1 + t
and so φ(M )(p t ) + eff N (α 1 + β 1 + t k )(p t ) = φ(M )(p t ) + eff N (t k )(p t ) + eff N (α 1 + β 1 )(p t ) = φ(M )(p t ) + eff N (t k )(p t ) − F (p t , α 1 + β 1 ) + F (α 1 + β 1 , p t ) = φ(M )(p t ) + eff N (t k , p t ) − F (p t , α 1 + β 1 ) ≥ F (p t , t k ) . We now conclude, by (14) , (A) , and (B) , that STS mrev φ•ψ CRG N . Finally, if all the steps labelling the arcs of STS are sets, then we can construct a new net N , adding to N a fresh set of places P = {p tu | t ∈ T ∧ u ∈ T }, where each p tu is such that M 0 (p tu ) = 1 and has exactly the following connections F (t, p tu ) = F (p tu , t) = F (u, p tu ) = F (p tu , u) = 1 .
Such places ensure that each step enabled at a reachable marking of N is a subset of T or a subset of T . Moreover, the enabling of such steps is not aected by adding P , so that in this case we get indeed Example 3. Figure 6 depicts a family N n,m of pt-nets which satisfy the assumptions of the last theorem. We clearly have CRG Nn,m STS mrev , where STS is the reachability graph of the net obtained from N n,m by deleting a and b. However, the construction from the proof of Theorem 3 yields the pt-net CRG Nn,m satisfying CRG Nn,m STS mrev .
Concluding remarks
In this paper we conducted what is to the best of our knowledge the rst study of reversibility in the P/T-net model, when the step semantics, based on executing steps (multisets) of actions rather than single actions is considered, thus capturing real parallelism. In a quite more abstract setting, the (partial) reversal of steps, thus generating mixed steps possibly containing both original and reversed events, has been previously studied in [18] , but now we are seeing here when and how the reversal can be really done in a concrete operational framework, as Petri Nets are.
Among the topics for future research we would single out an investigation of the impact of allowing multiple reverses of a given action (splitting reverses). Such an idea has already been applied in the case of sequential transition systems, making some non-reversible transition system reversible.
